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Abstract
This work is focused on the theory of Gravitoelectromagnetism (GEM). In
the first part of this work we present a brief review of gravitoelectromagnetism,
we locate and discuss all the problems which appear in this approach. We also
try to avoid these problems by proposing new approaches in which we use the
additional degrees of freedom of the gravitational field. In the second part of
this work, we review our previous work regarding the construction of a tensorial
theory, using the formalism of General Relativity, which aims to describe the
true electromagnetism. We also extend this theory in order to make it more
realistic. Finally in the third part of this work, we investigate the existence of
gravitational invariants similar to the electromagnetic ones.
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Preface
A problem which existed from the ancient times was the explanation of the plan-
etary orbits. In the 17th century this problem was theoretically explained by
Newton’s theory for Gravitation. Although Newton’s theory seemed to explain
everything regarding the planetary orbits, it could not explain a few anomalies
in Mercuries orbit. In order to explained these anomalies, many new theories
were proposed and one of them is the gravitoelectromagnetism.
Gravitoelectromagnetism (GEM) is an approach in which the gravitation
field is described using the formulation and the terminology of electromag-
netism. It is based on the profound analogy between the Newton’s law for
gravitation and Coulomb’s law for electricity. Gravitoelectromagnetism has a
long history, which starts in 1832, when Faraday –who was convinced that the
gravitational field unifies with the electromagnetic one– conducted some exper-
iments in order to detect if the gravitational field can induct electric current in
a circuit, and which continues until our days.
For about two centuries many papers and new approximations of Gravito-
electromagnetism have been proposed. However, during the last years, the ma-
jority of the scientific articles focusing on gravitoelectromagnetism are based on
Einstein’s General Relativity and especially on the work of Lense and Thirring.
Lense and Thirring showed that in the context of General Relativity a rotating
massive body can create a gravitomagnetic field. This effect is known as the
Lense-Thirring effect. These works are split in two categories. The first one
uses the linearised form of General Relativity field equations in the weak field
approximation, while the other uses the decomposition of the Weyl tensor into
gravitoelectromagnetic parts.
In this project we follow the first category, and work in the linear approx-
imation. The main achievements of this approach have been reviewed by B.
Mashhoon. However, the last years many researchers have noticed some prob-
lems in this approach. Several scientific articles, including one of ours, have
been published in which solutions to the above problems have been proposed.
Our objective for this project is to review our previous work and to propose
new solutions to the problems which have been reported.
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Preface
Another topic, also covered in our published work, is an attempt to describe
true electromagnetism using the formalism of General Relativity. This attempt
is based on the results of our work regarding gravitoelectromagnetism. We
should mention that our goal is not to replace electromagnetism with another
theory but to see how far the analogy with GEM extends and where and why it
breaks down. In this thesis we continue our work in this subject by proposing
new approaches.
In the last chapter of this thesis, we also cover the search for invariant
quantities similar to the electromagnetic ones, in the linear approach of gravi-
toelectromagnetism. This work is still in progress and we only present some of
our results. We hope that this work would contribute to a better understanding
of gravitoelectromagnetism and, maybe, lead to a lagrangian formulation.
The outline of this thesis is as follows: in chapter 1 we present a histor-
ical overview of gravitoelectromagnetism and a short introduction to General
Relativity and its linear approximation. In chapter 2 we give a brief review of
gravitoelectromagnetism based on Mashhoon’s papers and our previous work.
In this chapter we locate and discuss all the problems which appear in this
approach. In chapter 3 we try to solve the problems which appear in gravito-
electromagnetism by proposing new approaches in which we use the additional
degrees of freedom of the gravitational field. In chapter 4 we review our previ-
ous work regarding the construction of a tensorial theory, using the formalism
of General Relativity, which aims to describe the true electromagnetism. We
also extend this theory in order to make it more realistic. In chapter 5 we in-
vestigate the existence of gravitational invariants similar to the electromagnetic
ones. Finally in chapter 6 we present our conclusions.
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Chapter 1
Introduction
1.1 A historical review of Gravitoelectromag-
netism
Gravitoelectromagnetism is a theory in which the main goal is to describe grav-
ity using the formulation of electromagnetism. Gravitoelectromagnetism as a
theory has a long history.
In 1832 Faraday conducted a series of experiments in order to detect the
induction of electric current in a coil falling through the gravitational field of
the Earth [1]. 33 years later, Maxwell, motivated from the analogy between
the Newton’s law of gravitation and Coulomb’s law of electricity, tried to de-
velop a theory for gravitation using the formulation of electromagnetism [2].
At the same time, Holzmuller [3] and Tisserand [4] presented their attempts to
explain the excess advance in the perihelion of Mercury in terms of a gravit-
omagnetic field generated by the Sun. In 1893, Heaviside [5] developed a full
set of Maxwell-like equations for the gravitational field. Heaviside’s field equa-
tions in the vacuum can give wave solutions which propagate with the speed
of light. These attempts were very promising for the explanation of the excess
advance in the perihelion of Mercury, however, in 1900, Lorentz [6] proved that
a gravitomagnetic force would be too weak to explain this phenomenon.
In 1915, Einstein published the General Theory of Relativity [7]. General
Relativity is a modern theory of gravitation which has extended Newton’s the-
ory. General Relativity has, also, provided an explanation to the problem of
the perihelion of Mercury. A few years later, Lense and Thirring, using General
Relativity, showed that a rotating massive body can create a gravitomagnetic
field [8]; this is known as the Lense-Thirring effect. Thirring also proved that
geodesics equation can be expressed in terms of a gravitoelectric and a grav-
itomagnetic field in the same way as the Lorentz force for electromagnetism
9
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[9].
In the 1950’s, Matte [10], Bel [11] and Debever [12] explored the analogy of
gravity and electromagnetism based on the decomposition of the Weyl tensor
into traceless tensors in the weak approximation limit. In the 1960’s, For-
ward [13] extended the above model and obtained a Maxwell structure for the
perturbation; he also proposed experiments to detect these fields [14]. In this
decade, a new approach appeared, presented by Scott [15], in which the gravita-
tional field is expressed by a vector field in strict analogy to the electromagnetic
field. Similar vector theories have been proposed by Coster and Shepanski [16]
and by Schwebel [17]. In the Seventies, another vector theory was presented
by Spieweck [18] in which a gravitomagnetic vector potential was introduced.
Also, in order to explain the strange behavior of astrophysical objects under
extreme physical conditions, new vector approaches of gravitoelectromagnetism
were published [19][20][21]. The above approaches have many applications in
Astrophysics.
During the last thirty years many approaches of gravitoelectromagnetism,
based on General Relativity, appeared in the literature [22][23]. We can say
that the gravitoelectromagnetic formulations can be split into two categories.
The first, which is the one we use here, is an approach based in the linearised
form of General Relativity field equations around a massive rotating body. A
review of the linear approach has been published by Mashhoon [24] and it is
the starting point for many papers. The second is an approach based on tidal
tensors and on the decomposition of the Weyl tensor into gravitomagnetic and
gravitoelectric parts. This approach has been extensively reviewed by Costa,
Natario and Herdeiro [25][26]. However, new approaches are still appearing in
the literature, such as the formulation based on group theory by Ramos [27] or
the Langrangian formulation of gravitoelectromagnetism published by Ramos,
Montigny and Khanna [28]. Many interesting phenomena are associated to
gravitoelectromagnetism: Ruggiero and Tartaglia have published a review of
the gravitoelectromagnetic effects [29] which also contains references to experi-
mental attempts to detect them.
In the following two sections we give a brief introduction to General Rel-
ativity and to the linear approach. We consider this specifically important in
order to give the context in which our work is based and to provide the reader
with the information needed to understand better our project.
1.2 General Relativity
The General Theory of Relativity is the modern theory of gravitation. It was
published by A. Einstein in 1915 [7], and is a theory that connects the gravita-
10
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tional force with the space-time geometry.
The geometry in General Relativity is described by the metric tensor gµν
which is a second rank symmetric tensor. The metric tensor is appearing in the
well-known “first fundamental form” of the Differential Geometry which is also
known as the line element
ds2 = gµνdx
µdxν , (1.1)
where xµ = (ct, ~x). The above equation is a generalized form of the well-known
line element of the Special Theory of Relativity [30]
ds2 = ηµνdx
µdxν , (1.2)
where ηµν is the metric tensor of the flat Minkowski space-time
1.
The metric tensor is also related with the curvature of the space which is
described by the Riemann’s –curvature– tensor
Rρ σµν = ∂µΓ
ρ
νσ − ∂νΓρ µσ + Γρ µλΓλνσ − Γρ νλΓλµσ , (1.3)
where Γρ µν is the Christoffel’s symbols given by the following combination of
the metric tensor and its derivatives
Γρ µν =
1
2
gλρ (∂µgλν + ∂νgλµ − ∂λgµν) . (1.4)
Two useful geometrical quantities for the General Relativity, which can be ex-
tracted from the Riemann tensor, are the Ricci tensor which is defined as
Rµν = R
ρ
µρν = ∂ρΓ
ρ
µν − ∂µΓρ ρν + Γρ ρλΓλµν − Γρ µλΓλρν , (1.5)
and its trace defined as
R = gµνRµν . (1.6)
The trace of the Ricci tensor is also known as the Ricci scalar.
The field equations of the General Relativity are
Gµν =
8piG
c4
Tµν , (1.7)
where the tensor Gµν is called Einstein’s tensor and is defined as
Gµν = Rµν − 1
2
gµνR. (1.8)
1Throughout this work, we will use the (+1,−1,−1,−1) signature for the Minkowski
tensor ηµν .
11
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The tensor Tµν is the so-called energy-momentum tensor which describes the
distribution of mass and energy in the region of space where we solve the field
equations.
In General Relativity the equations of motion of a particle which moves only
under the gravitational force is given by the geodesics equation
d2xρ
ds2
+ Γρµν
dxµ
ds
dxν
ds
= 0. (1.9)
As in the Newton’s theory of gravity the motion is independent of the particle’s
mass.
1.3 The linear approach
Einstein’s field equations are non linear and thus, quite often, difficult to solve.
A usual technique is to adopt the linear approach valid in the limit of the weak
gravitational field. In this the metric tensor may be written as
gµν(x
µ) = ηµν + hµν(x
µ) , (1.10)
where hµν are small perturbations over the Minkowski space-time. In the con-
text of General Relativity, the metric perturbations hµν are sourced by gravitat-
ing bodies and obey the inequality |hµν |  1. As a result a linear-approximation
analysis may be followed. Here we will briefly review the corresponding formal-
ism and we will present the equations of General Relativity in the linear-order
approximation (for a more detailed analysis, see for example [31]). If we use
Eq. (1.10) and keep only terms linear in the perturbation hµν , we easily find
that the Christoffel symbols take the form
Γαµν =
1
2
ηαρ (hµρ,ν + hνρ,µ − hµν,ρ) . (1.11)
Using the above equation, the Ricci tensor (Eq. (1.5)) assumes the form
Rµν =
1
2
(
hρµ,νρ + h
ρ
ν,µρ − ∂2hµν − h,µν
)
, (1.12)
where ∂2 = ηµν∂µ∂ν . In the linear approximation the tensor indices are raised
and lowered by the Minkowski metric ηµν . In the above equation, we have also
defined the trace of the metric perturbations h = ηµνhµν . Correspondingly, the
trace of the Ricci tensor (Eq. (1.6)) is found to be
R = hµν,µν − ∂2h . (1.13)
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If we combine the Ricci tensor and its trace, the Einstein tensor (Eq. (1.8))
takes the form
Gµν =
1
2
(
hαµ,να + h
α
ν,µα − ∂2hµν − h,µν − ηµν hαβ,αβ + ηµν ∂2h
)
. (1.14)
Usually in gravity, in the linear approximation, one may define the new pertur-
bations h˜µν in terms of the original perturbations hµν :
h˜µν = hµν − 1
2
ηµν h . (1.15)
In terms of the new perturbations the Einstein tensor simplifies to:
Gµν =
1
2
(
h˜αµ,να + h˜
α
ν,µα − ∂2h˜µν − ηµν h˜αβ,αβ
)
. (1.16)
The above tensor satisfies Einstein’s field equations Eq. (1.7) which now are
written as
h˜αµ,να + h˜
α
ν,µα − ∂2h˜µν − ηµν h˜αβ,αβ = 2k Tµν . (1.17)
The value of the proportionality constant k will be 8piG
c4
, as usual, except in
chapter 4 where it will be different. If we make a coordinate transformation of
the form xµ → x′µ = xµ − γµ, we can easily see that the metric perturbations
transform as hµν → h′µν = hµν + γµ,ν + γν,µ. This transformation leaves Ein-
stein tensor unchanged and hence the field equation. Transformations of this
form, which do not alter observable quantities, are called gauge transformations.
When we solve a problem, it is often convenient to reduce the gauge freedom
by imposing constraints to the perturbations hµν . These constraints are called
gauge conditions. Usually, in the linear approximation, we use the so-called
transverse gauge condition h˜µν,ν = 0. Under the imposition of the transverse
gauge condition the Einstein tensor takes the simple form
Gµν = −1
2
∂2h˜µν , (1.18)
while the field equations are
∂2h˜µν = −2k Tµν . (1.19)
If we multiply Eqs. (1.19) with ηµν , we get ∂2h˜ = −2k T or ∂2h = 2k T and we
can write the field equations as:
∂2hµν = −2k
(
Tµν − 1
2
ηµνT
)
. (1.20)
13
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In the vacuum we have Tµν = 0 and the field equations take the form:
∂2h˜µν = 0 or ∂
2hµν = 0 . (1.21)
In what follows we will assume that the distribution of energy in the system
is described by the expression Tµν = ρ uµuν , where ρ is the mass density and
uµ = (u0, ui) = (c, ~u) is the velocity of the source. If we define the mass current
density as jµ = ρ uµ, the energy-momentum tensor takes the form Tµν = jµuν .
14
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GravitoElectroMagnetism
2.1 The traditional ansatz for the perturba-
tions
In the context of the theory of gravitoelectromagnetism, Eqs. (1.19) are Ein-
stein’s linearised gravitational field equations, with k = 8piG/c4, under the
imposition of the transverse gauge condition. The components of the metric
perturbations h˜µν have the form [24]
h˜00 =
4Φ
c2
, h˜0i =
2Ai
c2
, h˜ij = O(c−4) (2.1)
or
h˜0µ =
4
c2
Aµ , h˜ij = O(c−4) (2.2)
where Aµ =
(
Φ ,
~A
2
)
is the gravitoelectromagnetic 4-potential. If we contract
Eq. (1.15) by ηµν we find h = −h˜; and we can write the inverse relation between
the original and the new perturbations as
hµν = h˜µν − 1
2
ηµν h˜ . (2.3)
Then, using the definition (1.10), the spacetime line-element takes the form
ds2 = c2
(
1 +
2Φ
c2
)
dt2 − 4
c
( ~A · d~x) dt−
(
1− 2Φ
c2
)
δijdx
idxj. (2.4)
The perturbations are thus expressed in terms of the so-called gravitoelectro-
magnetic potentials, a scalar Φ(xµ) and a vector potential ~A(xµ). The h˜00
component yields the Newtonian potential Φ, while the h˜0i component is asso-
ciated to the “vector” potential ~A generated by a rotating massive body; the
15
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h˜ij component of the metric perturbations is usually assumed to be negligible
due to the suppression of the corresponding source by a 1/c4 factor.
The transverse gauge, h˜µν,ν = 0, gives:
• For µ = 0, the analogue to the Lorentz gauge condition of the electromag-
netism :
1
c
∂tΦ + ∂i
(
Ai
2
)
= 0 or Aµ,µ = 0. (2.5)
• And for µ = i, an additional condition that connects the h˜ij component
with the time derivative of the vector potential ~A:
∂jh˜
ij = − ∂tAi. (2.6)
Due to the tensorial structure of gravity, from the gauge condition we get three
more equations, Eq. (2.6), that do not appear in the true electromagnetism.
These equations were ignored in many scientific articles because they involve
O(c−4) terms [24][32] and lead to static vector potential ∂t ~A = 0 in some others
[33][25]. Here we are following Mashhoon’s papers [24] and we are ignoring the
presence of these equations. In the following sections we will discuss further the
presence and importance of Eq (2.6).
The field equations are:
• For µ = 0 and ν = 0 :
∂2Φ = 4piGρ, (2.7)
• And for µ = 0 and ν = i :
∂2
(
Ai
2
)
=
4piG
c
ji, (2.8)
where we have ignored all the equations involving O(c−4) terms.
In analogy with electromagnetism, we can define the GEM fields ~E and ~B
in terms of the GEM potentials [24][33]
~E ≡ −1
c
∂t
(
~A
2
)
− ~∇Φ , ~B ≡ ~∇×
(
~A
2
)
. (2.9)
According to [24], if we use vector notation, Eqs. (2.7) and (2.8) reduce to two
Maxwell-like equations for the Gravitoelectromagnetic field
~∇ · ~E = 4piGρ , ~∇× ~B = 1
c
∂t ~E +
4piG
c
~j . (2.10)
16
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The definitions of the fields Eqs. (2.9) reduce to the remaining Maxwell
equations
~∇× ~E = 1
c
∂t ~B, ~∇ · ~B = 0. (2.11)
A more detailed analysis, that will be presented in the following section, will give
more information on how Eqs (2.7-2.8) actually reduce to a set of Maxwell-like
equations.
Finally we can find the equation of motion of a test particle which propagates
in the background (2.4). Here, and in the following sections, we will keep all
corrections in the equation of motion and we discuss their importance. We
should also mention that we work in the non relativistic limit; this means that
we can write
ds2 = c2dt2 − (dx1)2 − (dx2)2 − (dx3)2 = c2dt2
(
1− |~u|
2
c2
)
' c2dt2 . (2.12)
In the non-relativistic limit, the spatial components of the geodesics equation
d2xρ
ds2
+ Γρµν
dxµ
ds
dxν
ds
= 0
take the form
d2xi
dt2
+ c2 Γi00 + 2cΓ
i
0j
dxj
dt
+ Γikj
dxk
dt
dxj
dt
= 0 . (2.13)
In the linear approximation, the Christoffel symbols are given by Eq. (1.11).
Reading the form of the initial perturbations hµν from the line-element (2.4),
we find:
Γi00 = −
1
c2
∂iΦ +
2
c3
∂tA
i , (2.14)
Γi0j =
1
c2
F ij − δij
1
c3
∂tΦ, (2.15)
Γikj = −
1
c2
(
δij ∂kΦ + δ
i
k ∂jΦ− ηkj ∂iΦ
)
. (2.16)
In the second of the above equations we use the definition Fij ≡ ∂iAj − ∂jAi.
Substituting the above into Eq. (2.13) [34][33][25] we find
x¨ i =Ei +
2
c
F ijuj +
1
c2
(
2ui∂tΦ + 2u
iuk∂kΦ − ukuk∂iΦ
)
, (2.17)
17
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which, if we are in the non relativistic limit and the scalar and the vector
potential are stationary i.e. ∂t Φ = 0 and ∂t ~A = 0, reduces to the analogue of
the Lorentz force law for gravitation:
x¨ i = Ei +
2
c
F ijuj , (2.18)
with “electric charge” equal to m and “magnetic charge” equal to 2m. Ac-
cording to the literature the coefficient 2 in the “magnetic charge” is related to
the spin of the gravitational field [24]. Actually this coefficient depends on the
definition of the magnetic field and on the h0i component of the metric pertur-
bations as well. From the definition of the magnetic field Eq. (2.9), we can see
that the Fij components are Fij = −2εijkBk and, as a result, the coefficient in
front of the magnetic field is 4m. In the above equation εijk is the Levi-Civita
symbol.
With the traditional ansatz (Eq. (2.1)) one can easily see the analogy be-
tween gravity and electromagnetism and, by solving the field equations, one may
study many interesting phenomena [8] [35]. However, this ansatz “works”, i.e. it
keeps the analogy with true electromagnetism, only if the potentials are station-
ary and, as it is mentioned before, some times –through the gauge condition–
the ansatz dictates that the vector potential ~A is time-independent. If the po-
tentials are time-dependent, the theory gives correct results, from the point of
view of General Relativity, but the analogy with the electromagnetism breaks
down. The truth is that, in reality, the majority of the gravitoelectromagnetic
effects are stationary and well described by the traditional ansatz. But we are
also interested in time-dependent effects and we want to see if there is any way
to preserve the analogy. In the literature a number of works have been found
attempting to solve this problem [36] but they are dealing only with special
cases. On the other hand, another big problem with gravitoelectromagnetism
is that, even in the stationary case, we get the correct form of the Lorentz force
law only in the non relativistic limit. It has been claimed [24] that we can keep
the analogy ether with the field equations or the Lorentz force but not both
with the same ansatz [25]1. If we choose an ansatz that fixes the Lorentz force
law, we do not obtain the correct field equations [33]. In the following sections
we present different ansatzes that attempt to fix the problems appearing in the
traditional one that we presented in this section.
1See Section 2.3.
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2.2 A detailed analysis of the traditional ansatz
without the imposition of a gauge condi-
tion
As we saw in the previous section, the traditional ansatz demonstrates the
analogy with the true electromagnetism but it has some problems. In order
to shed light to the problems of the traditional ansatz, in a previous work of
ours [33], we performed the analysis again without the imposition of a gauge
condition. However, there is a difference between the ansatz we are using in
this section and the one employed in section (2.1). Here the h˜ij components of
the metric perturbations h˜µν are set equal to zero [33][25]. Actually there is not
a big difference since in the previous ansatz [24] these components were treated
as null. However, as we will see in the following chapter, the presence of the h˜ij
is in fact important for the solution of the problems which arise here.
The ansatz we use in this section is
h˜00 =
4Φ
c2
, h˜0i = −2A
i
c2
, h˜ij = 0 , (2.19)
and again the metric perturbations are expressed in terms of the so-called Grav-
itoelectromagnetic potentials.
For the evaluation of the field equations we need the components of h˜µν in
mixed form - these are:
h˜00 =
4Φ
c2
, h˜0i = −
2Ai
c2
, h˜i0 =
2Ai
c2
, h˜i j = 0 . (2.20)
The field equations, Eq. (1.17), for the above ansatz take the form
• For µ = 0 and ν = 0:
δij
c2
∂i∂jΦ =
k
2
ρ u0 u0. (2.21)
• For µ = 0 and ν = i:
1
c2
∂i
(
1
2
∂kA
k +
1
c
∂tΦ
)
− 1
2c2
δkl ∂k∂lA
i =
k
2
ρ u0 ui. (2.22)
• And finally for µ = i and ν = j:
− 1
2c3
∂t
(
∂iA
j + ∂jA
i
)
+ δij
[
1
c4
∂2t Φ +
1
c3
∂t(∂kA
k)
]
=
k
2
ρ ui uj . (2.23)
19
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As in the previous section, the constant k is 8piG/c4. If we use vector notation,
Eq. (2.21) readily takes the analogue of Poisson’s law
∇2 Φ = 4piGρ , (2.24)
while Eq. (2.22) in turn can be rewritten as
~∇
[
~∇ ·
(
~A
2
)
+
1
c
∂tΦ
]
−∇2
(
~A
2
)
=
4piG
c
ρ~u . (2.25)
Equations (2.24) and (2.25) differ from (2.7 - 2.8) since here, we have not im-
posed the transverse gauge condition. We can define again the GEM fields ~E
and ~B in terms of the GEM potentials [24] [33]:
~E ≡ −1
c
∂t
(
~A
2
)
− ~∇Φ , ~B ≡ ~∇×
(
~A
2
)
. (2.26)
Then, Eqs. (2.24) and (2.25),using vector notation, take the form
~∇ · ~E = 4piGρ , ~∇× ~B = 1
c
∂t ~E +
4piG
c
~j , (2.27)
only if the vector potential ~A has not a time-dependence, i.e.
∂t ~A = 0 . (2.28)
The definitions (2.26) then take the form
~∇× ~E = 1
c
∂t ~B, ~∇ · ~B = 0. (2.29)
Here we can see that the choice we made for the form of the metric per-
turbations dictates that the vector potential is static (for different approaches
regarding the role of this constraint in the context of gravitoelectromagnetism,
see [23][25][26][33][37][38]). This does not fix the problems of the traditional
ansatz; it actually makes them worst, however, it shows us that the time de-
pendence of the vector potential depends on the ansatz. This is an important
result, because in the previous section the constraint regarding the time depen-
dence of the vector potential deduced from the gauge condition. If we impose
the transverse gauge condition we obtain the same results. Therefore, we can
conclude that the only way to solve the problems regarding the time dependence
of the vector potential is to seek for new ansatzes.
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gauge condition
Now we can return to the linearised field equations. Their spatial component
gives us a third set of constraints Eq. (2.23). The diagonal components of Eq.
(2.23) (i.e. for i = j) reduce to the relation
∂2t Φ = −
pi
3
ρ |~u|2 , (2.30)
with (u1)2 = (u2)2 = (u3)2, and the off-diagonal ones (for i 6= j) give us
∂0
(
∂iA
j + ∂jA
i
)
= 8piGρ
uiuj
c2
. (2.31)
Therefore Eq. (2.30) demands that the distribution of sources is isotropic (i.e.
the current vector has the same magnitude along all three spatial directions);
it also restricts the magnitude of ∂2t Φ, which is a quantity that does not appear
in the other two derived equations. The other equation (2.31) imposes that
the velocity of the source is absolutely non-relativistic, |~u|  c: it is only
then that the time variation of the vector potential is extremely small, due to
the suppression factor 1/c2 on its right-hand-side, and the consistency of the
complete set of derived equations is guaranteed.
Finally, we can give the equation of motion of a test particle that moves in
the field area. First of all the line element has the same form as in the previous
section Eq. (2.4)
ds2 = c2
(
1 +
2Φ
c2
)
dt2 − 4
c
( ~A · d~x) dt−
(
1− 2Φ
c2
)
δijdx
idxj.
The Christoffel symbols are also the same as in the previous section:
Γi00 = −
1
c2
∂iΦ +
2
c3
∂tA
i ,
Γi0j =
1
c2
F ij − δij
1
c3
∂tΦ,
Γikj = −
1
c2
(
δij ∂kΦ + δ
i
k ∂jΦ− ηkj ∂iΦ
)
.
In the second of the above equations, we use the definition Fij ≡ ∂iAj − ∂jAi.
Then, the equations on motion, in a familiar vector notation, are [33]:
m~a = ~F = m ~E
(
1 +
|~u|2
c2
)
+
4m
c
~u× ~B + 2m
[
~u
c
∂tΦ
c
− ~u
c
(
~u
c
· ~E
)]
(2.32)
where, we have set ∂t ~A = 0 and thus ~E = −~∇Φ. The Gravitomagnetic Field ( ~B)
and the gravitoelectromagnetic tensor (Fµν) are related through the equation
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Fij = −2 εijkBk. If we are in the non relativistic limit and the scalar potential
is static, the above equation reduces to the analogue of the Lorentz force law:
m~a = ~F = m ~E +
4m
c
~u× ~B . (2.33)
In this section, we have performed again all the calculations of the traditional
ansatz without the imposition of a gauge condition in order to investigate in
depth the problems that arise. The nature of the problems forces us to seek
modified ansatzes for the metric perturbations. In the following section we
present an alternative ansatz and in the following chapter we will add corrections
to both ansatzes.
2.3 An alternative ansatz
As we saw in the previous section (2.2), a possible remedy for the problems
which appear at the traditional ansatz is the adoption of a new one. In this
section we follow the literature [33][25] and present an additional ansatz for the
metric perturbations. The ansatz we use here has been carefully chosen in order
to fix the Lorentz force law.
The metric perturbations in this section will be:
h˜00 =
Φ
c2
, h˜0i =
Ai
c2
, h˜ij = −Φ
c2
ηij , (2.34)
with the basic difference being the assumption of a non-vanishing (or sub-
dominant) h˜ij.
Working as before, we first derive the components of h˜µν in mixed form
h˜ 00 =
Φ
c2
, h˜ i0 =
Ai
c2
, h˜ 0i =
Ai
c2
, h˜ ji = −
Φ
c2
δ ji , (2.35)
and then, from the field equations (1.17), we obtain the following system
• For µ = 0 and ν = 0:
0 = 2kρ u0 u0 , (2.36)
• For µ = 0 and ν = i:
1
c2
∂i
(
∂kA
k
)− 1
c2
δkl ∂k∂lA
i = 2kρ u0 ui . (2.37)
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• Finally for µ = i and ν = j:
− 1
c3
∂t
(
∂iA
j + ∂jA
i
)− 2
c2
∂i∂jΦ (2.38)
+δij
[
2
c2
δkl ∂k∂lΦ +
2
c3
∂t(∂kA
k)
]
= 2kρ ui uj .
Setting again k ≡ 8piG/c4, Eq. (2.37) takes a form similar to that of the
fourth Maxwell’s equation for both a static scalar and vector potential, ∂tΦ =
∂t ~A = 0,
~∇ (~∇ · ~A)−∇2 ~A = 16piGρ ~u
c
. (2.39)
This equation differs from the exact Maxwell equation by a factor of 4 on the
right-hand-side but, as we will see, this will be irrelevant. Equation (2.36), that
in the previous case gave us Poisson’s law, is now reduced to the trivial result
ρ = 0, which, when combined with the fact that ∂t ~A = 0, leads to the demand
that Φ satisfies the equation
∇2 Φ = 0 . (2.40)
We conclude that this choice for the gravitational perturbations leads to a static
model of gravity in vacuum. For ρ = 0, the right-hand-side of Eq. (2.39) also
vanishes making the numerical factor irrelevant. In retrospect, our assumption
of non-vanishing h˜ij seems justified: although this component is indeed signif-
icantly suppressed in the presence of an energy-momentum tensor of the form
Tµν = ρuµuν , in vacuum all components are of the same order.
Imposing the transverse gauge condition h˜µν,ν = 0 results into two con-
straints, namely:
• For µ = 0, the Lorentz gauge condition:
1
c
∂tΦ + ~∇ · ~A = 0 . (2.41)
• For µ = i, the gauge condition dictates that the gravitoelectric field is
vanishing:
1
c
∂t ~A+ ~∇Φ = 0 , (2.42)
We note that the different numerical coefficients that appear in the ansatz,
compared to the traditional one (2.1) used in GEM, allow us to define the
GEM fields ~E and ~B in an exact analogy with the electromagnetism
~E ≡ −1
c
∂t ~A− ~∇Φ , ~B ≡ ~∇× ~A . (2.43)
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Although this case seems to be not particularly rich in content compared
to the one studied in the previous section, it is in contrast free of additional
constraints. The set of equations (2.38) – both the diagonal and off-diagonal
components – are trivially satisfied if one uses the aforementioned constraints
Eqs. (2.41-2.42) following from the gauge conditions. However, we have en-
countered a big problem in this ansatz, the vanishing of the gravitoelectric field
~E. Taking in consideration that this ansatz is valid only in vacuum, we can
conclude that it is very limited. We are only left with the analogue of the mag-
netostatic field in the Coulomb gauge: if the gravitoelectric field ~E vanishes,
the scalar potential Φ is a constant; then, Eq. (2.41) reduces to ~∇ · ~A = 0,
which is the well known –from the electromagnetism– Coulomb gauge.
In this ansatz the spacetime line-element assumes the simplified form
ds2 = c2
(
1 +
2Φ
c2
)
dt2 − 2
c
( ~A · d~x) dt− δijdxidxj . (2.44)
Turning finally to the geodesics equation, by using the expressions for the
initial perturbations hµν as these are read in the line-element (2.44), we arrive
at particularly simple forms for the Christoffel symbols
Γi00 =
1
c2
∂iΦ +
1
c3
∂tA
i , Γi0j =
1
2c2
Fij , Γ
i
kj = 0 . (2.45)
Substituting these into the geodesics equation (2.13), we obtain the exact func-
tional analogue of the Lorentz force
m~a = ~F = m ~E +
m
c
~u× ~B . (2.46)
We have seen that the gravitoelectric field ~E in this ansatz vanishes and thus
the scalar potential is a constant. Having that in mind, in Eq. (2.45) the Γi00
should vanish and consequently Eq. (2.46) should be:
m~a =
m
c
~u× ~B . (2.47)
In short, we have given the equations of motion in the form of Eq. (2.46) in
order to show that in this ansatz we can get the correct form of the Lorentz force
law. In this case additional terms do not emerge, not even sub-dominant ones
in the non-relativistic limit. We can also see that the same coefficient appears
in front of the gravitoelectric and gravitomagnetic terms, in exact analogy to
electromagnetism. Therefore we conclude that this particular ansatz for the
gravitational perturbations may lead to another class of phenomena observed
in vacuum in the context of gravitoelectromagnetism: the field equations in
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conjunction to the gauge condition lead to a self-consistent set of fundamental
equations with no additional constraints and a remarkable similarity to the
corresponding formulae of electromagnetism.
However this ansatz has two serious problems; the gravitoelectric field van-
ishes and it works only in vacuum. One could claim that the vanishing of the
gravitoelectric field is the most important problem but actually the most im-
portant problem is the latter. Usually when we solve a problem in vacuum,
we have information about the source in the form of boundary conditions. In
other words, we solve the field equations inside the source and outside (in the
vacuum) and we demand that on the boundary (the surface that encloses the
source) the two solutions coincide. In the gravitoelectromagnetism theory, we
solve the field equations of General Relativity around a rotating massive body,
which means that again we have a source. However, in this ansatz we do not
have any information about the source; we only know that the field exists, and
possibly propagates, in vacuum but we are unable to connect it with its source.
Despite the problems we have encountered, in this model we have obtained some
promising results such as the fact that we get the exact form of the Lorentz force
law. We will continue presenting corrections for the two ansatzes. In fact, as
we will see in the following chapter (3.2), the work we presented in this section
will lead us to the best ansatz for the metric perturbation, in which we can have
both time-dependent fields and equations of motion very close to the form of
the Lorentz force law.
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Improving
Gravitoelectromagnetism
3.1 A correction to the traditional ansatz for
the metric perturbations
In this section we will try to fix the problems we have encountered in the
study of the traditional ansatz. We stay in the traditional ansatz and assume
non-vanishing h˜ij components of the metric perturbations. If we look more
carefully at the spatial component of the gauge condition, (Eq. (2.6)), in section
(2.1), we see that the use of these components of the metric perturbations
can instantly solve the problem of the time dependence of the vector potential
~A. In Mashhoon’s works [24][32][34][36], the spatial components of the gauge
condition (h˜iµ,µ) are not taken into account and the vector potential is assumed
to be time dependent. However in these articles the h˜ij components are not zero
and, indeed, the vector potential may have time dependence, although nothing
is said about the h˜iµ,µ condition and its importance on the time dependence of
the vector potential. What was only mentioned here [32] is that these equations
involve O(c−4) terms and for this reason they are negligible.
Now let us think about the form of the h˜ij components. According to the
usual assumptions of General Relativity, the scalar potential Φ is associated
only with the h˜00 component of the metric perturbations. To preserve the anal-
ogy with electromagnetism, the vector potential should appear linearly in the
expression of h˜µν , and thus can only be accommodated by the h˜0i component.
We could also introduce a scalar potential Θ in the h˜0i components of the metric
perturbations through the relation:
h˜0i =
2 Θ
c2
Ai. (3.1)
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However, as we can easily see by making the change Ai −→ ΘAi in all equations
of the previous chapter involving the Ai potential, that would make the situation
worse. As for the h˜ij components, they can be either zero, as they were in
section (2.2), or associated with a scalar potential and a tensor potential. The
scalar potential could be a general scalar potential or the gravitoelectric scalar
potential Φ as we will see in the next section. Although this may seem peculiar
at first, in the course of our analysis it will be justified and shown to exhibit
interesting features.
We make the following changes to the traditional ansatz for the metric per-
turbations h˜µν [25][26][39][40]
h˜00 =
4Φ
c2
, h˜0i =
2Ai
c2
, h˜ij =
2λ
c4
ηij +
2
c4
dij . (3.2)
In the above ansatz the h˜00 and h˜0i components of the metric perturbations
are again expressed in terms of Φ and ~A potentials, while the h˜ij component
consists of a scalar field λ and a traceless symmetric tensor field dij. Obviously
the potential λ is connected with the trace of the component h˜ij
ηijh˜ij =
6
c4
λ. (3.3)
We can associate the traceless symmetric tensor field dij with two perpendicular
3-vectors ~C and ~D through the relation
dij = CiDj + CjDi. (3.4)
Then we could easily write our final equations in a familiar vector notation, but
for now we keep the tensor formulation and we study the most general case.
In some equations, as the equations of motion, the h˜ij components will still be
negligible, due to the 1/c4 factor, especially in the non relativistic limit, but
they will not be negligible everywhere, as we will shortly see.
From this section we will start using again the gauge condition h˜µν,ν = 0.
The transverse gauge now gives:
• For µ = 0, the analogue of the Lorentz gauge condition of the electromag-
netism :
1
c
∂tΦ + ∂i
(
Ai
2
)
= 0. (3.5)
• And for µ = i, an additional condition that connects the scalar λ and the
tensor field dij with the time derivative of the vector potential ~A:
1
c
∂j
(
ληij + dij
)
= − ∂tAi. (3.6)
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The field equations are:
• For µ = 0 and ν = 0 :
∂2Φ = 4piGρ. (3.7)
• For µ = 0 and ν = i :
∂2
(
Ai
2
)
=
4piG
c
ji. (3.8)
• Finally for µ = i and ν = j :
1
2
∂2
(
ληij + dij
)
= 4piG ji uj . (3.9)
Equations (3.7) and (3.8) have the same form as the corresponding equations
of electromagnetism. Equation (3.9) is the Poisson’s equation that gives us the
additional fields λ and dij. These are important, despite the fact that they are
suppressed due to the 1/c4 factor, because without them Eq. (3.6) takes the
form ∂tA
i = 0. We are going to discuss again the importance of the fields λ
and dij at the end of the section.
In analogy with electromagnetism, we can define the GEM fields ~E and ~B
in terms of the GEM potentials [24][33][25]:
~E ≡ −1
c
∂t
(
~A
2
)
− ~∇Φ , ~B ≡ ~∇×
(
~A
2
)
. (3.10)
One may easily see that Eqs. (2.7) and (2.8) along with Eqs. (2.9) reduce to a
set of four Maxwell-like equations for the Gravitoelectromagnetic fields:
~∇ · ~E = 4piGρ , ~∇× ~B = 1
c
∂t ~E +
4piG
c
~j , (3.11)
and
~∇× ~E = 1
c
∂t ~B, ~∇ · ~B = 0. (3.12)
The above equations along with Eq. (3.9) describe the gravitational field of a
rotating massive body in the weak-field (linear) approximation.
The spacetime line-element, in this ansatz, assumes the form
ds2 = c2
(
1 +
2Φ
c2
− 3λ
c4
)
dt2 − 4
c
( ~A · d~x) dt−
(
1− 2Φ
c2
+
3λ
c4
)
δijdx
idxj
+
2
c4
dijdx
idxj . (3.13)
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Finally, we can find the equation of motion of a test particle propagating in
the background (3.13). This has been derived and discussed in the literature
[24][33][25][34], but only in a very simplified form. In [24] the equation of
motion is presented only in the non-relativistic limit. In [33] and [34], although
the corrections for large velocities are given, these do not contain the corrections
for the h˜ij components. In [25] the authors start with an ansatz, different from
the one we are using here, which contains the components h˜ij but at the end
of their analysis they assume that dij vanish. Here, we keep all corrections and
comment on their importance at the final stage of our calculation.
In the linear approximation, the Christoffel symbols are given by Eq. (1.11).
Reading the form of the initial perturbations hµν from the line-element (3.13),
we find:
Γi00 =−
1
c2
∂iΦ +
2
c3
∂tA
i − 3
2c4
∂iλ, (3.14)
Γi0j =
1
c2
F ij − δij
(
1
c3
∂tΦ +
3
2c5
∂tλ
)
+
1
c5
∂t d
i
j , (3.15)
Γikj =−
1
c2
(
δij ∂kΦ + δ
i
k ∂jΦ− ηkj ∂iΦ
)
− 3
2c4
(
δij ∂kλ+ δ
i
k ∂jλ− ηkj ∂iλ
)
+
1
c4
(
∂kd
i
j + ∂jd
i
k − ∂idjk
)
. (3.16)
Substituting the above in the geodesics equation Eq. (2.13) we find:
x¨ i = Ei +
2
c
F ijuj +
1
c2
(
5
2
∂iλ+ ∂j d
ij + 2ui∂tΦ + 2u
iuk∂kΦ
)
− 1
c2
ukuk∂
iΦ − 1
c4
(
3ui∂tλ− 3uiuk∂kλ+ ukuk∂iλ
)
− 1
c4
(
2uj∂td
ij + 2ukuj∂kd
i
j − ujuk∂idjk
)
. (3.17)
The above equation in the non relativistic limit takes the well-known form of
the Lorentz force law:
x¨ i = Ei +
2
c
F ijuj, (3.18)
in which the gravitoelectromagnetic fields can be time dependent.
In this section we have made a correction to the traditional ansatz for the
metric perturbations. We have used the h˜ij components, which in previous
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works were supposed to be negligible due to the 1/c4 factor, and we propose
that this fixes the time dependence of the potentials. We have also seen that this
ansatz keeps the analogy with the true electromagnetism but with the presence
of additional fields, i.e the fields which are produced from the potentials λ and
dij. The additional potentials are necessary and we should have used them
from the start of our analysis. Actually the existence of these potentials comes
from the fact that Gravity is a Spin 2 field instead of Electromagnetism which
is a Spin 1 field. Consequently we need more degrees of freedom to describe
gravity instead of electromagnetism, in which we need initially only four degrees
of freedom. When we take a theory of many degrees of freedom, like Gravity,
and we use only some of them, we do not use all the information we may get;
for this reason we have encountered many problems in the previous chapter.
However, this ansatz is still giving us extra terms in the equation of motion. In
the next section we will try to fix the problem of the extra terms in the equation
of motion using a modified version of the ansatz we introduced in section (2.3).
3.2 A correction to the alternative ansatz for
the metric perturbations
In this section we will try to make some corrections to the ansatz that we
presented in section (2.3). This section is split into two subsections. In the first
one we present the most general case of the ansatz and in the second we give a
special case from which we obtain some interesting results.
3.2.1 The general case
In section (2.3) we worked with an ansatz that may give the correct form of the
analogue of the Lorentz force law for the equations of motion. However we have
encountered many important problems such as the vanishing of both the source
and the gravitoelectric field and of the time dependence of the fields. In this
section we try to modify the ansatz of section (2.3) in order to fix its problems.
If we think as in the previous section, the only thing that we have to do is to
involve in our analysis the additional degrees of freedom of the gravitational
field. In the ansatz of section (2.3) the components h˜ij are not zero, see Eq.
(2.34); however from the line element in this case, Eq. (2.44), we see that the
hij components again vanish. But these are the components that we should
involve, in our analysis and associate them with the scalar potential λ and the
traceless tensor potential dij.
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The ansatz we will use here is the following:
h˜00 =
Φ
c2
− 3λ
c4
, h˜0i =
Ai
c
, h˜ij = −
(
Φ
c2
+
λ
c4
)
ηij +
2
c4
dij . (3.19)
In this ansatz the magnitude of the potentials Φ, λ and dij is in principle the
same. The different 1/c coefficients, first, are connected with the Tij components
of the energy-momentum tensor and, second, will result in simplified forms of
the equations of motion. The line-element in this ansatz is:
ds2 = c2
(
1 +
2Φ
c2
)
dt2 − 2 ( ~A · d~x) dt
+
[(
1 +
2λ
c4
)
ηij +
2
c4
dij
]
dxidxj , (3.20)
We start our analysis from the gauge condition. The transverse gauge con-
dition h˜µν,ν = 0 gives:
• For µ = 0, an equation similar to the Lorentz gauge condition:
∂t
(
Φ
c3
− 3λ
c5
)
+ ∂i
Ai
c
= 0. (3.21)
• And for µ = i, an equation which relates the gravitoelectric field with the
gradient of the scalar λ and divergence of the tensor dij:
∂tA
i − ∂iΦ = Ei = 1
c2
(
∂iλ− 2 ∂jdij
)
. (3.22)
From Eq. (3.21) we can get the Lorentz gauge condition if we demand that the
scalar potential λ is not depending on time ∂tλ = 0. Since the Lorentz gauge
condition is important for our analysis, from here we conclude that the scalar
potential λ must be static. Although this may seem a problem, considering that
we have inserted the scalar λ and the tensor dij potentials in order to avoid the
problems with the Φ and ~A potentials, it is not a serious one. From Eq. (3.22)
we get an additional constraint for the scalar λ and the tensor dij potentials;
they must be related with the gravitoelectric field. The last equation saves both
the gravitoelectric field and the time dependence of the potentials.
We can now continue with the field equations Eq. (1.19), which inside the
source are
• For µ = 0 and ν = 0 :
∂2
(
Φ
c2
− 3λ
c4
)
= −16piG
c2
ρ. (3.23)
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• For µ = 0 and ν = i :
∂2Ai = −16piG
c2
ji. (3.24)
• Finally for µ = i and ν = j :
∂2
[
−
(
Φ
c2
+
λ
c4
)
ηij +
2
c4
dij
]
= −16piG
c4
ji uj , (3.25)
and if we use Eq. (3.21), Eq. (3.25) takes the form:
∂2
(
2ληij + dij
)
= −8piG (jiuj + ρc2ηij) . (3.26)
While, in vacuum the field equations take the form:
• For µ = 0 and ν = 0 :
∂2Φ = 0. (3.27)
• For µ = 0 and ν = i :
∂2Ai = 0. (3.28)
• Finally for µ = i and ν = j :
∂2λ = 0 and ∂2dij = 0. (3.29)
The above equations are the field equations which describe the gravitational field
around (and inside) a rotating massive body. Here we face the only real problem
with this ansatz: in spite of the fact that we have restored the source, as we
can see from Eqs. (3.23-3.26), the field equations inside it have a different form
from the true electromagnetic ones. However, in vacuum the field equations
(3.27-3.29) have the correct form. As we see in the next subsection, we can
easily fix this problem.
Finally we can give the equation of motion of a test particle moving in the
background (3.20). Here, as always, we keep all the corrections and we comment
on their importance at the final stage of the calculation. The Christoffel symbols
for the line-element (3.20) are:
Γi00 =
1
c2
(
∂tA
i − ∂iΦ) . (3.30)
Γi0j =
1
2
ηik
[
1
c
Fjk +
2
c5
∂t (λ ηjk + djk )
]
. (3.31)
Γikj =
1
c4
(
δij ∂kλ+ δ
i
k ∂jλ− ηjk ∂iλ
)
+
1
c4
(
∂k d
i
j + ∂j d
i
k − ∂i djk
)
. (3.32)
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Substituting these into the geodesics equation (2.13), we obtain the equations
of motion
x¨ i = Ei + F ijuj − 1
c4
(
2ui ∂tλ+ 2u
iuk ∂k λ− ukuk ∂iλ
)
− 1
c4
(
2uj ∂td
i
j + 2u
iuk ∂k d
i
j − ujuk ∂i djk
)
. (3.33)
In the above equation we define the field ~E as:
Ei = −∂tAi − ∂iΦ, (3.34)
and the field ~B as
Fij = 4 εijkBk. (3.35)
We did not define the fields earlier because the analogy with the electromag-
netism is broken in this ansatz. We have defined the above fields in the usual
way, but we can not recognize them as the gravitoelectromagnetic fields, i.e
the analogues of the electromagnetic ones. In the following section we will say
more about the fields. However, as we can easily see, equation (3.33) contains
additional terms but even at high velocities, due to the presence of the 1/c4
factor, it can take a form similar to the Lorentz force law:
x¨ i = Ei + F ijuj . (3.36)
In this subsection we presented a modified version of the ansatz we used in
section (2.3). With the new ansatz, we have managed to solve the problems
that we have encountered in section (2.3). We have obtained time-dependent
potentials, and we have avoided the vanishing of both the gravitoelectric po-
tential and the source. Also this ansatz is the first which gives us the correct
form of the equations of motion even at high velocities. However, the ansatz we
have used here has still a serious problem: it does not give us the correct field
equations inside the source, and as a result the analogy with the true electro-
magnetism is broken. In the following subsection we see how we can solve this
problem.
3.2.2 An interesting special case
The ansatz we have used in the previous subsection fixes all the problems we
had encountered in section (2.3) but it still has an important problem. Inside
the source, as already mentioned, the analogy with the true electromagnetism
is broken. We can easily fix this problem and this subsection presents how we
can do it.
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If we look more carefully at Eqs. (3.23-3.26), we can see that the vanishing
of the scalar potential λ may fix the problem. In this subsection we take the
ansatz of the previous one and we demand that λ = 0. This means that the
trace of the spatial part of the metric perturbations hij will be vanishing, i.e.
ηijh
ij = 0. In the previous subsection, we discussed the general case of non-
vanishing λ. In this subsection we disccuss separately the special case with
λ = 0 as it leads to important results that will also be used in the following
chapter.
The ansatz we will use here for the metric perturbations is the following
h˜00 =
Φ
c2
, h˜0i =
Ai
c
, h˜ij = −Φ
c2
ηij +
2
c4
dij . (3.37)
As in the previous subsection, the above ansatz is expressed in terms of the
GEM potentials, Φ(xµ) and ~A(xµ), plus one additional potential, that comes
from the hij components, the traceless tensor potential dij(x
µ).
The transverse gauge condition h˜µν,ν = 0 gives:
• For µ = 0, an equation similar to the Lorentz gauge condition:
∂t
Φ
c3
+ ∂i
Ai
c
= 0. (3.38)
• And for µ = i, an equation which relates the gravitoelectric field with the
divergence of the tensor potential dij:
∂tA
i − ∂iΦ = Ei = 2
c2
∂jd
ij. (3.39)
Eq. (3.38) has the well-known form of the Lorentz gauge condition. From Eq.
(3.39) we get an additional constraint for the tensor potential dij: it must be
related with the gravitoelectromagnetic field. The last equation, as in the pre-
vious subsection, saves both the gravitoelectric field and the time-dependence
of the potentials.
Now we can continue with the field equations Eq. (1.19), which in the
presence of source have the form
• For µ = 0 and ν = 0 :
∂2Φ = −16piGρ. (3.40)
• For µ = 0 and ν = i :
∂2Ai = −16piG
c
ji. (3.41)
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• Finally for µ = i and ν = j :
∂2
(
−Φ
c2
ηij +
2
c4
dij
)
= −16piG
c4
ji uj , (3.42)
and if we use Eq. (3.38), Eq. (3.42) takes the form:
∂2 dij = −8piG (jiuj + ρc2ηij) . (3.43)
Whereas in vacuum the field equations are
• For µ = 0 and ν = 0 :
∂2Φ = 0. (3.44)
• For µ = 0 and ν = i :
∂2Ai = 0. (3.45)
• Finally for µ = i and ν = j :
∂2dij = 0. (3.46)
The above equations are the field equations which describe the gravitational field
around (and inside) a rotating massive body. As in the previous subsection we
have restored the source but, as we can see from Eqs. (3.40-3.41), the coefficient
on the right-hand side is 16pi, instead of 4pi which is the coefficient appearing in
the true electromagnetism. Despite that, in vacuum the field equations (3.44-
3.46) have the correct form. We can fix the problem of the wrong coefficient
easily by redefining the gravitoelectromagnetic potentials as:
Φ −→ 4Φ∗,
~A −→ 4 ~A∗, (3.47)
where Φ∗ and ~A∗ are the true potentials. If we employ the new potentials, Eq.
(3.40) takes the form:
∂2Φ∗ = −4piGρ, (3.48)
while Eq. (3.41) takes the form:
∂2A∗i = −4piG
c
ji. (3.49)
The above equations have the correct form and along with Eq. (3.43) are the
full system of the field equations.
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Now we can define a gravitomagnetic and a gravitoelectric field as:
~E ≡ − ∂t ~A∗ − ~∇Φ∗ , ~B ≡ ~∇× ~A∗ . (3.50)
One may easily see that Eqs. (3.48) and (3.49) along with Eqs. (3.50) reduce
to a set of four Maxwell-like equations for the Gravitoelectromagnetic fields:
~∇ · ~E = 4piGρ , ~∇× ~B = ∂t ~E + 4piG
c
~j , (3.51)
and
~∇× ~E = ∂t ~B, ~∇ · ~B = 0. (3.52)
Consequently, this ansatz gives us the correct form of the field equations.
The line-element in this ansatz is:
ds2 = c2
(
1 +
2Φ
c2
)
dt2 − 2 ( ~A · d~x) dt+
(
ηij +
2
c4
dij
)
dxidxj . (3.53)
Finally we can give the equations of motion of a test particle moving in the
background (3.53). The Christoffel symbols for the line element (3.53) are:
Γi00 =
1
c2
(
∂tA
i − ∂iΦ) . (3.54)
Γi0j =
1
2
ηik
(
1
c
Fjk +
2
c5
∂t djk
)
. (3.55)
Γikj =
1
c4
(
∂k d
i
j + ∂j d
i
k − ∂i djk
)
. (3.56)
Substituting these into the geodesics equation (2.13), we obtain the equations
of motion
x¨ i = 4Ei + F ijuj − 1
c4
(
2uj ∂td
i
j + 2u
iuk ∂k d
i
j − ujuk ∂i djk
)
. (3.57)
As we can see, the above equation contains some corrections but, due to the
presence of the 1/c4 factor even at high velocities, it can take a form similar to
the Lorentz force law:
x¨ i = 4Ei + F ijuj , (3.58)
or in a more familiar vector notation:
~¨x = 4
(
~E + ~u× ~B
)
. (3.59)
As we can see from the above equation, in this ansatz, the equations of motion
are very close to the Lorentz force law. The only difference is an overall factor
4 on the right hand side of the equation.
37
Chapter 3. Improving Gravitoelectromagnetism
In this subsection we have solved the problems that we have encountered
in the previous one by –simply– setting λ = 0. Although this may be a spe-
cial case, it has led to the correct form of both the field equations and the
Lorentz force law. Moreover, this ansatz does not generate any corrections to
the Lorentz force, even at high velocities. Concluding, the ansatz that we have
used here is the optimum as it preserves the analogy between gravitation and
electromagnetism.
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4.1 An alternative expression for the Lorentz
force law
The usual procedure when someone solves an electromagnetic problem, in the
Lorentz gauge, is first to find the potential through the relation
∂2Aµ =
4piC
c2
Jµ, (4.1)
where the electromagnetic 4-potential is defined as Aµ =
(
Φ/c , ~A
)
and C is
the Coulomb’s constant (C ≡ 1
4piε0
). Then one is able to calculate the electric
and magnetic fields
~E = −~∇Φ − ∂t ~A and ~B = ~∇ × ~A, (4.2)
and finally to find the equation of motion of a test particle
m~¨x = q
(
~E + ~u × ~B
)
. (4.3)
However, in the previous chapters, we have seen that the Christoffel symbols
can give us the definitions of both the Electric and the Magnetic field and
that the geodesics equation contains the expression for the Lorentz force law.
Consequently, instead of Eq. (4.3), we could use a modified version of the
geodesics equation in order to describe the equations of motion.
First of all we use the potential from Eq. (4.1) in order to define an approx-
imately flat “space-time” gµν ≈ ηµν + hµν with line element
ds2 =
(
1 +
2Φ
c2
)
c2dt2 − 2
(
~A · ~dx
)
dt+ ηijdx
idxj. (4.4)
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Next we claim that the equation
m
d2xρ
ds2
+ q Γρµν
dxµ
ds
dxν
ds
= 0, (4.5)
describes the motion of a test particle with charge q and mass m. The above
equation is not anymore a geodesics equation, it gives geodesic curves only if
q = m. Eq. (4.5) takes the explicit form
m
q
d2xi
dt2
+ c2 Γi00 + 2cΓ
i
0j
dxj
dt
+ Γikj
dxk
dt
dxj
dt
= 0 . (4.6)
The Christoffel symbols Eq. (1.11) for the above line element are
Γi00 = −
Ei
c2
. (4.7)
Γi0j =
1
2c
εijkBk , (4.8)
Γi0j = 0, (4.9)
where we have used the definitions for the fields (4.2). Finally if we use Eqs.
(4.7-4.9) we can see that the modified geodesics equation (4.5) is equivalent to
the Lorentz force law (4.3).
In this chapter we suggest that we can use the potential of the electromag-
netism in order to define a “geometry”, and then from a modified geodesics
equation we can get the Lorentz force law. This is just an additional way for
someone to find the equations of motion. However, if we use Eq. (4.5), we do not
actually need to define the electromagnetic fields. We can start from Eq. (4.1),
then we use the potential to define the line element Eq. (4.4) –bypassing the
definition of the fields– and finally we can find the equation of motion using Eq.
(4.5). With this new definition of the equations of motion we have connected
electromagnetism with a “geometry”. Nevertheless, the potential is still calcu-
lated in the usual way –the well-known equations of electromagnetism– and we
can only construct the geometry (Eq. (4.4)) by hand. In the following sections
we will try to find an alternative formulation for electrodynamics in which the
metric tensor is the solution of the field equations. In this point we must say
that our objective is not to replace Maxwell’s theory of electromagnetism by a
tensorial theory but rather to investigate how far the analogy between the two
dynamics can go.
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4.2 An alternative description of electromag-
netism
In the previous section we have presented an alternative expression for the
Lorentz force law which premises the construction of a “geometry” using the
electromagnetic potential. In this section we try to find a new formulation for
electrodynamics in which the metric tensor is a fundamental quantity.
A careful inspection of Eq. (4.4) shows that the electromagnetic potential
is related with the metric perturbations as follows:
h00 =
2Φ
c2
, h0i =
Ai
c
and hij = 0. (4.10)
The above, along with the analysis in Chapters 2 and 3, dictates that we should
use the formulation of General Relativity in the weak field approximation. We
use, as field equations, Eq. (1.17)
h˜αµ,να + h˜
α
ν,µα − ∂2h˜µν − ηµν h˜αβ,αβ = 2k Tµν ,
in which the proportionality constant k is going to be defined later and the
energy-momentum tensor has the form Tµν = ρ uµuν , with ρ the electric charge
density.
However if we try to describe electromagnetism with a “gravity-like” theory
a big problem arises. Electromagnetism is a theory with 4 degrees of freedom
while gravity has 10. We get a theory very rich in content and we suppress it.
In a previous work of ours [33] we have used the following ansatz for the
metric perturbations h˜µν
h˜00 =
αΦˆ
c2
, h˜0i =
βAˆi
c2
, h˜ij =
γΦˆ
c2
δij , (4.11)
where α, β and γ are arbitrary numerical coefficients while Φˆ and ~ˆA are the
electromagnetic potentials and, as we can easily see, the potentials have the
same magnitude. In the previous chapters we have showed that the form of
the metric perturbation affects the derived equations for the scalar and vector
potential. In order to study simultaneously a large collection of choices we have
inserted the α, β and γ coefficients. We can see that the ansatz of section (2.2)
corresponds to the choice (α = β = 1, γ = 0) while the ansatz of section (2.3)
corresponds to (α = β = γ = 1). Our goal is to reduce the field equations
of General Relativity to Maxwell’s equations. The only way to do this is to
demand that the choice of h˜µν has to be linear in the electromagnetic potentials
and should not contain any derivatives. Also, we have mentioned that we need
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only four degrees of freedom, as a result, the additional potentials we have used
in Chapter 3 should apparently vanish here. We thus conclude that the scalar Φ
and the vector ~A potentials can be accommodated in the metric perturbations
h˜µν in a limited number of distinct ways. With the insertion of the coefficients
α, β and γ in the above ansatz Eq. (4.11) we have included all possible choices.
As in the previous chapters we start our analysis from the linearised form of
Einstein’s field equations (1.17). The field equations for the ansatz (4.11) take
the form
• For µ = 0 and ν = 0
(α− γ)
c2
δij ∂i∂jΦˆ = 2kρ u0 u0 , (4.12)
• For µ = 0 and ν = i
(α− γ)
c3
∂i∂tΦˆ +
β
c2
∂i
(
∂kAˆ
k
)
− β
c2
δkl ∂k∂lAˆ
i = 2kρ u0 ui , (4.13)
• And finally for µ = i and ν = j
− β
c3
∂t
(
∂iAˆ
j + ∂jAˆ
i
)
− 2γ
c2
∂i∂jΦˆ
+ δij
[
2γ
c2
δkl ∂k∂lΦˆ +
2β
c3
∂t(∂kAˆ
k) +
(α− γ)
c4
∂2t Φˆ
]
= 2kρ ui uj . (4.14)
From the above we can see that for α = γ, Eq. (4.12) reduces to ρ = 0 and
we only get a model of electro-magnetism in vacuum, a model similar to the one
that we have found in section (2.3) in the context of Gravitoelectromagnetism.
On the other hand, for α 6= γ, if we identify the proportionality constant as:
k ≡ −2piC
c4
(α− γ) , (4.15)
we obtain the Poisson’s equation for the scalar potential Φˆ
∇2 Φˆ = −4piCρ . (4.16)
For the above value for k, and using the more familiar vector notation, Eq.
(4.13) takes the form
~∇ (~∇ · ~ˆA+ 1
c
∂tΦˆ)−∇2 ~ˆA = 4piCρ ~u
c
, (4.17)
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where we have assumed that β = α − γ. Consequently, there is an infinite
number of choices one could make for the numerical coefficients appearing in
the metric perturbations h˜µν , which could derive the electromagnetic equations
from the gravitational field equations (1.17). Now we can define the electric ~ˆE
and magnetic field ~ˆB, in terms of the scalar Φˆ and the vector ~ˆA potentials, in
the usual way
~ˆE ≡ −1
c
∂t ~ˆA− ~∇Φˆ , ~ˆB ≡ ~∇× ~ˆA . (4.18)
The above definitions are equivalent to the following Maxwell’s equations
~∇ · ~ˆB = 0 , ~∇× ~ˆE = − ∂t ~ˆB , (4.19)
while, it is easy to show that Eqs. (4.16) and (4.17) are the remaining Maxwell’s
equations,
~∇ · ~ˆE = 4piCρ , ~∇× ~ˆB = 1
c
∂t ~ˆE +
4piC
c
~j , (4.20)
under the constraint that the vector potential is not depending on time, ∂t ~ˆA = 0.
One can easily see that due to the coefficient (α− γ) in Eqs. (4.12) and (4.13),
Maxwell’s equations do not change under the simultaneous changes (α ↔ γ)
and Φˆ→ −Φˆ. Therefore, instead of what happens in Gravitoelectromagnetism,
where h˜00 must always be connected with the Newtonian potential, and as
a result it should always be non-vanishing, in the case that we study here,
even if the h˜00 component of the metric perturbations is zero and the potential
Φˆ is introduced only through the h˜ij component, we could also recover the
whole set of Maxwell’s equations. Nevertheless, as in Gravitoelectromagnetism,
along with the Maxwell’s equations, the field equations give an additional set
of equations, Eqs. (4.14). For the above choice of k and β, these equations take
the form
1
c
∂t
(
∂iAˆ
j + ∂jAˆ
i
)
+
2γ
α− γ ∂i∂jΦˆ
− δij
[
2γ
α− γ δ
kl ∂k∂lΦˆ +
2
c
∂t(∂kAˆ
k) +
1
c2
∂2t Φˆ
]
= 4piCρui uj/c
2 . (4.21)
For i = j, the above reduces to the relation
∂2t Φˆ = −
4piC
3
ρ |~u|2 , (4.22)
with (u1)2 = (u2)2 = (u3)2, for any value of α and γ. For i 6= j, the term
proportional to δij in Eq. (4.21) vanishes and, under the assumption that
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α = 2γ, the remaining terms can be combined to form the components of the
electric field. In that case, Eq. (4.21) takes the form
∂iEˆj + ∂jEˆi = −4piCρui uj/c2 . (4.23)
In the case where α 6= 2γ, Eq. (4.21) is formed of time and space-derivatives of
the electromagnetic potentials ~ˆA and Φˆ.
Therefore, due to the tensorial structure of the formalism, the four Maxwell’s
equations are accompanied by additional constraints. Equivalent constraints
have also arisen in the analysis of the previous chapters. In chapter 3 we have
showed that, if we use the additional degrees of freedom of the gravitational
field, we can solve all the problems related to the time-dependence of the fields.
Here, we use the formalism of General Relativity in order to describe the Elec-
tromagnetism and, as we have already mentioned, we can not use more than
four of the available degrees of freedom. Consequently, in this case we can not
avoid the presence of these constraints and, thus, with this formalism we can
only describe a special part of Electromagnetism and not the general case. We
can only describe magnetostatics since the vector potential ~A does not depend
on time and the distribution of charges should be isotropic as in section (2.2).
If we impose a gauge condition, we get additional constraints to the model;
some of these constraints complete the theory, while others give unnecessary
restrictions to the electromagnetic potentials. As in the previous chapters, we
will use the transverse gauge condition h˜µν,ν = 0. The time-component of the
gauge condition takes the form
α
c
∂tΦˆ + β ∂iAˆ
i = 0 . (4.24)
If we demand α = β, the above reduces to the well known Lorentz condition
1
c
∂tΦˆ + ~∇ · ~ˆA = 0 or Aµ, µ = 0, (4.25)
where we have defined the electromagnetic 4-potential as Aµ =
(
Φ , ~A
)
. The
spatial components of the gauge condition, though, lead to an additional con-
straint
β
c
∂t ~ˆA+ (α− β) ~∇Φˆ = 0 , (4.26)
where we have used the relation β = α − γ. The choice α = β leads to the
time-independence of the vector potential ~ˆA; in this case we do not get a new
constraint, because we already know –from the field equations– that the vector
potential should be static. If we choose α = 2β, we find that the electric
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field ~ˆE = −∂t ~ˆA/c − ~∇Φˆ should vanish, a result similar to the one of section
(2.3). For all the remaining cases, Eq. (4.26) imposes an additional constraint
between the scalar and vector potentials which does not exist in the traditional
electromagnetism.
Now we can find the equations of motion of a test particle which moves
in the electromagnetic field. As in the previous section, we assume that the
equations of motion are given from the modified geodesics equation (4.5):
m
d2xρ
ds2
+ q Γρµν
dxµ
ds
dxν
ds
= 0 .
In the linear approximation, the components of the Christoffel symbols that
appear in Eqs. (4.5-4.6) have the form
Γi00 =
(α + 3γ)
4c2
∂iΦˆ +
β
c3
∂tAˆ
i , (4.27)
Γi0j =
β
2c2
Fˆij − (α− γ)
4c3
δij ∂tΦˆ , (4.28)
Γikj = −
(α− γ)
4c2
(
δij ∂kΦˆ + δ
i
k ∂jΦˆ− δkj ∂iΦˆ
)
, (4.29)
where we have defined the spatial part of the electromagnetic tensor as Fˆij =
∂iAˆj − ∂jAˆi. The electromagnetic tensor is connected with the magnetic field
through the relation Fˆij = − εijk Bˆk. Substituting the above Christoffel symbols
into Eq. (4.6), we find
mai + q
[
β
c
∂tAˆ
i +
(α + 3γ)
4
∂iΦˆ
]
− βq
c
ijk u
jBˆk − (α− γ)q
2c2
(∂tΦˆ)u
i
+
(α− γ)q
4c2
[
∂iΦˆ (u
kuk)− 2(∂jΦˆuj)ui
]
= 0 . (4.30)
Under the assumption that we can construct a theory of electromagnetism using
the formalism of General Relativity, the above equation describes the motion
of a massive, charged test particle. The above equation is a generalized form of
the Lorentz force of the system. This general form is obviously far away from
what we would expect from a realistic electromagnetic theory.
Now let us examine some special cases. If α = γ, we already know that we
get a static theory in vacuum. In this case, the last two terms on the left hand
side of Eq. (4.30) and all the time derivatives trivially vanish and we get the
more familiar form
m~a = ~F = qα ~ˆE +
qβ
c
~u× ~ˆB . (4.31)
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From the above equation we see that we must choose α = β, because we know
that we need a common numerical factor in front of the electric and magnetic
terms in the Lorentz force. Actually, we should choose α = β = 1 in order to
get the correct expression for the Lorentz force, but for any other value of the
coefficients α, β we could easily fix the problem by modifying the equation of
motion Eq. (4.5).
On the other hand, if α 6= γ, we have seen that we get a more realistic theory
of electromagnetism in terms of fields, but in the expression of the Lorentz force
extra terms appear. If we apply the constraint β = α − γ, which we know is
necessary to restore the form of Maxwell’s equations, Eq. (4.30) takes the form
m~a = ~F =
q
4
~ˆE
[
(4α− 3β) + β |~u|
2
c2
]
+
βq
c
~u× ~ˆB + βq
2
[
~u
c
∂tΦˆ
c
− ~u
c
(
~u
c
· ~ˆE
)]
.
(4.32)
The additional terms which appear in the above expression are similar to that
arising in section (2.2) in the context of Gravitoelectromagnetism. In the non
relativistic limit and if we also assume that the potentials are static, the above
equation takes the form
~F =
q
4
(4α− 3β) ~ˆE + βq
c
~u× ~ˆB, (4.33)
which for α = 7β/4 takes the simple form
~F = βq ~ˆE +
βq
c
~u× ~ˆB. (4.34)
The above equation for β = 1, takes the correct form of the Lorentz force, but
it can take the correct form, even for a general value of β, if we redefine the
equation of motion Eq. (4.5). However, this model can not be realistic since it
contains corrections for high velocities which we know that do not exist in the
theory of electromagnetism.
In this section we have showed that the formalism of the General Relativity is
able to describe electromagnetism in some special cases. This happens because
the tensorial structure of gravity adds additional unnecessary constraints in the
theory or/and extra terms in the Lorentz force law. In the following section we
will try to fix these problems by using the additional degrees of freedom that
the theory contains.
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4.3 Employing the additional degrees of free-
dom
In this section we use the additional degrees of freedom of the theory (i.e. the
hij components of the metric perturbations) in order to examine if we can get a
more realistic theory of electromagnetism. We expect that the use of the addi-
tional degrees of freedom will lead to the appearance of new fields. Therefore,
the theory we present here is a generalized theory of electromagnetism which
unifies the classical electromagnetism with the new fields which we expect they
arise. If we want this theory to be realistic, the new fields should not have any
contribution into observable quantities or, if they contribute, their contribution
should be negligible.
In subsection (3.2.2) we showed that the ansatz which we used gives us
the best results in the context of Gravitoelectromagnetism. Here we use the
results of the subsection (3.2.2) in order to describe the generalized theory of
electromagnetism. We use again as field equation the linearized equations of
General Relativity, Eq. (1.19), under the imposition of the transverse gauge
condition ∂ν h˜
µν = 0, namely
∂2h˜µν = −2k Tµν .
The proportionality constant is taken to be k = −2piC
c4
and the energy-momen-
tum tensor is Tµν = ρ uµuν , with ρ the electric charge density.
The ansatz which we use here is the same as in the subsection (3.2.2)
h˜00 =
Φ
c2
, h˜0i =
Ai
c2
, h˜ij = −Φ
c2
ηij +
2
c4
dij . (4.35)
Nevertheless, here Φ and ~A are recognized as the true electromagnetic poten-
tials, while the potential dij denotes the extra degrees of freedom and it should
obviously be related with the new fields. In the above ansatz the potentials have
the same magnitude and we can also define the electromagnetic 4-potential as
Aµ =
(
Φ , ~A
)
.
The transverse gauge condition gives:
• For µ = 0, the Lorentz gauge condition:
∂t
Φ
c3
+ ∂i
Ai
c2
= 0 or Aµ,µ = 0. (4.36)
• And for µ = i, an equation which relates the electric field with the diver-
gence of the tensor potential dij:
∂t
Ai
c
− ∂iΦ = Ei = 2
c2
∂jd
ij. (4.37)
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Equation (4.36) has the well-known form of the Lorentz gauge condition. From
Eq. (4.37) we get an additional constraint for the tensor potential dij; it must
be related to the electric field. In the last equation we can see the usefulness
of the potentials dij: the problematic constraints for the electromagnetism are
now constraints regarding the additional fields.
The field equations take the form:
• For µ = 0 and ν = 0 :
∂2
Φ
c2
=
4piC
c2
ρ. (4.38)
• For µ = 0 and ν = i :
∂2Ai =
4piC
c
ji. (4.39)
• Finally for µ = i and ν = j :
∂2
(
−Φ
c2
ηij +
2
c4
dij
)
=
4piC
c4
ji uj , (4.40)
and if we use Eq. (4.38), Eq. (4.40) takes the form:
∂2 dij = 2 piC
(
jiuj + ρc2ηij
)
. (4.41)
Equations (4.38-4.39) are the correct equations for the electromagnetic po-
tential and along with Eq. (4.41) are the full system of the field equations.
Now we can define the electric and magnetic fields as usual :
~E ≡ − ∂t
~A
c
− ~∇Φ , ~B ≡ ~∇× ~A . (4.42)
Then one may easily see that Eqs. (4.38) and (4.39) along with Eqs. (4.42)
reduce to the four Maxwell equations for the electromagnetic fields:
~∇ · ~E = 4piCρ , ~∇× ~B = ∂t ~E + 4piC
c
~j , (4.43)
and
~∇× ~E = ∂t ~B, ~∇ · ~B = 0. (4.44)
The new fields can be defined as:
Mij = −2 ∂t dij (4.45)
and
Kijk = − (∂j dik + ∂k dij − ∂i djk) . (4.46)
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The above definitions will become clear when we give the expression for the
Lorentz force.
The line element for this ansatz is:
ds2 = c2
(
1 +
2Φ
c2
)
dt2 − 2
c
( ~A · d~x) dt+
(
ηij +
2
c4
dij
)
dxidxj . (4.47)
We can now give the equations of motion of a test particle moving in the back-
ground (4.47). Keeping all the corrections the Christoffel symbols for the line
element (4.47) are:
Γi00 =
1
c2
(
∂0A
i − ∂iΦ) , (4.48)
Γi0j =
1
2
ηik
(
1
c2
Fjk +
2
c5
∂t djk
)
, (4.49)
Γikj =
1
c4
(
∂k d
i
j + ∂j d
i
k − ∂i djk
)
, (4.50)
Substituting these into the geodesics equation (4.6), we obtain the equations of
motion
m
q
x¨ i = Ei +
1
c
F ijuj − 1
c4
(
2uj ∂td
i
j + 2u
iuk ∂k d
i
j − ujuk ∂i djk
)
. (4.51)
If we use the definitions for the new fields, the above equation takes the form:
m
q
x¨ i = Ei +
1
c
F ijuj +
1
c4
M ij uj +
1
c4
Kijku
juk (4.52)
As we can see, the above equation contains additional corrections; nevertheless,
due to the presence of the 1/c4 factor, even at high velocities, it can take the
form of the Lorentz force law:
m
q
x¨ i = Ei + F ijuj , (4.53)
or in a more familiar vector notation:
m~¨x = q
(
~E + ~u× ~B
)
. (4.54)
In this section we have showed that, while the use of the additional degrees of
freedom of the theory has as a result the appearance of new fields, the contri-
bution of these new fields in observable quantities is negligible. The only field
that remains even at high velocities is the electromagnetic field. This means
that the theory which we study here could be considered as a realistic theory
of electromagnetism [40].
49

Chapter 5
Seeking for invariants
5.1 The theoretical framework
In this chapter we focus on the invariant quantities we can get from the Gen-
eral Relativity in the context of gravitoelectromagnetism. Actually, we are
interested in invariants similar to the ones appearing in the true Electromag-
netism i.e (B2 −E2 and ~E · ~B). The first one comes from the inner product of
the electromagnetic tensor
F µνFµν = 2 (B
2 − E2), (5.1)
and appears in the expression of the Lagrangian of the electromagnetic field
LED = −1
4
F µνFµν + J
µAµ, (5.2)
and also, in the expression of the stress-energy tensor of electromagnetism
T µν = F µαF να −
1
4
gµνFαβFαβ. (5.3)
The second one comes from the product of the electromagnetic tensor with its
dual tensor
F˜ µνFµν = −4 ~E · ~B, (5.4)
and is obviously a pseudoscalar since the dual tensor of the electromagnetic
tensor is defined as
F˜ µν =
1
2
εµναβFαβ. (5.5)
In the above equations, for simplicity, we have set c = ε0 = µ0 = 1.
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We already know that we can construct invariants similar to the electromag-
netic ones from the Weyl tensor [25], but from a different approach of gravito-
electromagnetism. Here we try to get invariants similar to the electromagnetic
ones from the “linearised” theory that we have used in the previous chapters.
We know that we can get many invariants from the General Relativity, such
as the scalar curvature
RαβµνRαβµν , (5.6)
the Ricci scalar
R = gµνR
µν , (5.7)
or any other scalar that we can construct using the Riemann and Ricci tensors.
The problem is that the above tensors contain second derivatives of the metric
tensor. More specificaly, in the definition of the fields only first derivatives of
the metric tensor are involved, and, as a result, we can not connect the fields
with the gravitational scalars which we have mentioned above. Therefore, the
only way to get invariants similar to the electromagnetic ones is to define a
new gravitational tensor, which is going to contain only first derivatives of the
metric tensor, and to construct scalars from this tensor.
In the weak field approximation, we can easily construct a tensor which
contains only first derivatives of the metric tensor from the Einstein’s tensor
Gµν =
1
2
(
h˜αµ,να + h˜
α
ν,µα − ∂2h˜µν − ηµν h˜αβ,αβ
)
.
If we “pull” a derivative out, the Einstein’s tensor takes the form
Gµν =
1
2
∂αFαµν , (5.8)
where the tensor Fαµν is defined as
Fαµν = ∂µh˜αν + ∂ν h˜αµ − ∂αh˜µν − ηµν∂βh˜αβ, (5.9)
and is obviously symmetric in the last two indices. Using the Fαµν tensor the
field equations (1.17) take a form very close to the form of the field equations
of electrodynamics (∂µF
µν = 4piC
c2
Jν)
∂αFαµν = 2kTµν . (5.10)
We, thus, conclude that we can use the tensor Fαµν in order to construct a
number of scalars in which the expressions of the fields should appear. However,
having in mind the analogy between the field equations of the two theories, we
are expecting that the scalar
F = FαµνFαµν (5.11)
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will contain a term similar to the B2−E2 term of the true electromagnetism. In
the following sections we are going to calculate the scalar F for the two ansatzes
of chapter 3 and to see that for both ansatzes we can get the requested term.
Our work on the derivation of the second electromagnetic scalar ( ~E · ~B) is
still in progress [40]. We have not yet managed to construct a scalar which
contains a term similar to the ~E · ~B term of the true electromagnetism, but we
are expecting that a scalar of the form
F˜αµνFαµν (5.12)
will contain such a term. In the above expression we have defined the dual
tensor of Fαµν as
F˜αµ ν = ε
αµλρFλρν . (5.13)
The dual tensor is antisymmetric in the first two indices and, if the analogy
with the true electromagnetism is still persistent, we are expecting that the
expression
∂αF˜αµν = 0 (5.14)
will contain the other two “Maxwell-like” equations; the ones that we have used
to get straight from the definitions of the fields and not from a fundamental
equation.
5.2 The scalar F for the general form of the
traditional ansatz
In this section we calculate the F scalar for the general form of the traditional
ansatz
h˜00 =
4Φ
c2
, h˜0i =
2Ai
c2
, h˜ij =
2λ
c4
ηij +
2
c4
dij .
The components of the Fαµν tensor for the above ansatz are
F000 =− 2
c2
∂iAi, (5.15)
F00i =
4
c2
∂iΦ, (5.16)
Fi00 =
4
c2
Ei − 2
c4
(
∂iλ+ ∂
jdij
)
, (5.17)
Fij0 =− 2
c2
Fij +
2
c5
∂t (ληij + dij) , (5.18)
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F0ij =− 2
c2
[
ηij
(
2∂0Φ + ∂
kAk
)− (∂iAj + ∂jAi)]− 2
c5
∂t (ληij + dij) , (5.19)
Fijk =− 2
c4
[∂i (ληjk + djk)− ∂j (ληik + dik)− ∂k (ληij + dij)] ,
− 2
c3
ηjk
[
∂tAi +
1
c
∂l (ληil + dil)
]
, (5.20)
where the fields are defined as in Eq. (3.10)
Ei ≡ 1
c
∂t
(
Ai
2
)
− ∂iΦ , Fij ≡ ∂iAj − ∂jAi = −2εijkBk. (5.21)
Then, the scalar F = FαµνFαµν given in Eq. (5.11), can be written as
F = F 000F000 + 2F
00iF00i + F
0ijF0ij + F
i00Fi00 + 2F
ij0Fij0 + F
ijkFijk. (5.22)
The dominant terms of order O(c−4) are
c4F =− 16E2 + 64B2 + 4 (∂iAi)2 + 32 (∂iΦ)2 + 4 (∂iAj + ∂jAi)2
− 16 (∂iAi) (2∂0Φ + ∂jAj)+ 12 (2∂0Φ + ∂jAj)2 . (5.23)
We do not give the full expression of the scalar F here because the terms which
we want are appearing only in the lowest order. However, it is easy for someone
to calculate the full expression for the scalar F from Eq. (5.22) by using the
components of the Fαµν tensor (5.15-5.20). We should also mention that in the
above calculations we do not use any gauge condition. If we use the transverse
gauge condition ∂ν h˜µν = 0, the last term in the definition of the Fαµν , Eq. (5.9),
disappears and as a result the last two terms of the scalar F , Eq. (5.23), also
disappear.
Concluding, we have managed to construct a scalar combination in terms of
gravitational quantities in which a term like the electromagnetic one (B2−E2)
appears. However, this term is followed by additional terms due to the tensorial
structure of the theory.
5.3 The scalar F for the general form of the
alternative ansatz
In this section we calculate the F scalar for the general form of the alternative
ansatz
h˜00 =
Φ
c2
− 3λ
c4
, h˜0i =
Ai
c
, h˜ij = −
(
Φ
c2
+
λ
c4
)
ηij +
2
c4
dij .
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The components of the Fαµν tensor for the above ansatz are
F000 =− 1
c2
∂iAi, (5.24)
F00i =
1
c2
∂iΦ− 3
c4
∂iλ, (5.25)
Fi00 =
1
c2
(4Ei + ∂iΦ) +
2
c4
∂j (ληij + dij) , (5.26)
Fij0 =− 1
c2
Fij − 1
c3
∂t
[(
Φ +
1
c2
λ
)
ηij − 2
c2
dij
]
, (5.27)
F0ij =
1
c2
[
(∂iAj + ∂jAi)− ηij
(
∂0
(
Φ− 3
c2
λ
)
+ ∂lAl
)]
+
1
c3
∂t
[(
Φ +
1
c2
λ
)
ηij − 2
c2
dij
]
, (5.28)
Fijk =− 1
c2
(ηij∂kΦ + ηik∂jΦ− 2ηjk∂iΦ) + 1
c4
ηjk∂
l (ληil − 2dil)
− 1
c4
[∂k (ληij − 2dij) + ∂j (ληik − 2dik)− ∂i (ληjk − 2djk)]
− 1
c3
ηjk∂tAi, (5.29)
where the fields are defined as in Eq. (3.50)
Ei ≡ 1
4
(
1
c
∂tAi − ∂iΦ
)
, Fij ≡ ∂iAj − ∂jAi = −4εijkBk. (5.30)
However, as we have already seen in section (3.2), the above fields are recognized
as the gravitoelectromagnetic fields, only if the scalar potential λ vanishes.
Finally the lowest order O(c−4) terms of the scalar F are
c4F =− 16E2 + 32B2 + (∂iAi)2 + 3 ((∂iΦ)2 + 8Ei∂iΦ
+
[
(∂iAj + ∂jAi)− ηij
(
∂0
(
Φ− 3
c2
λ
)
+ ∂lAl
)]2
+ (ηij∂kΦ + ηik∂jΦ− 2ηjk∂iΦ)2 . (5.31)
Here, as in the previous section, we give the dominant terms of the scalar F
without the imposition of a gauge condition. If we use the transverse gauge
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condition, the term
[
∂0
(
Φ− 3
c2
λ
)
+ ∂lAl
]
in Eq. (5.31) vanishes. In this ansatz
the scalar F also contains extra terms. In the case of gravitoelectromagnetism
the extra terms do not create any problem; they just show us where the analogy
with the true electromagnetism stops. However, in chapter 4 we have used the
above ansatz in order to give an alternative description of the true electromag-
netism. If we have alternative descriptions of a theory, they should all give us
the same results. The presence of the additional terms in the scalar F –for the
analysis of chapter 4– is then problematic.
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Conclusions
There is undoubtedly a striking similarity between the gravitational and elec-
tromagnetic forces at classical level. These similarities, which persist even in
the context of the General Theory of Relativity, led to the development of grav-
itoelectromagnetism. In our days the majority of the gravitoelectromagnetism
approaches are split in two large categories. In the first one the analogy be-
tween gravitation and electromagnetism is shown from the linearised form of
Einstein’s field equations, in the weak field approximation, around a rotating
massive body. In the second, the analogy is shown from the decomposition
of the Weyl tensor into gravitoelectric and gravitomagnetic parts. The main
purpose of this thesis was to fully review the first approach of gravitoelectro-
magnetism, to shed light to particular problematic aspects of the theory and,
also, to propose solutions.
In chapter 1 we gave a historical review of gravitoelectromagnetism and
also a brief introduction to General Relativity and to the linear approach. We
considered this as particularly important in order to give the context in which
our work was based and to provide the reader with all the information needed
to understand better our project.
In chapter 2 we reviewed the linear approach of gravitoelectromagnetism.
In the first section of the chapter, we started from the perturbed Einstein’s
equations in the linear approximation and, employing the so-called traditional
ansatz for the metric perturbations, we showed the analogies between gravity
and electromagnetism. However, these analogies stand only if the gravitoelec-
tromagnetic potentials are static; this along with the presence of additional
terms in the equations of motion consist the two big problems of gravitoelectro-
magnetism. In the second section, in order to investigate further the problems
of the traditional ansatz, we did again all the calculations without the imposi-
tion of a gauge condition. We showed that the problem of the time dependence
of the vector potential is a problem of the ansatz which can not be solved by
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choosing an alternative gauge condition. The above, along with the presence
of extra terms in the Lorentz force law, led us to the search for new ansatzes
for the metric perturbations. In the third section, we proposed an alternative
ansatz; this ansatz was chosen carefully, in order not to give extra terms in the
equations of motion. However, in this ansatz we encountered a serious problem,
that of the vanishing of the source. Of course this ansatz could be used in a
vacuum problem, but in gravitoelectromagnetism the presence of the source is
necessary.
In chapter 3 we tried to resolve the problems appearing in gravitoelectro-
magnetism. In chapter 2 we showed that in order to solve these problems we
must try new ansatzes for the metric perturbations. However, from the equation
∂jh˜
ij = − ∂tAi , we understood that the use of the –suppressed– additional de-
grees of freedom of the gravitational field could solve some of our problems. In
this chapter we used the extra degrees of freedom in both ansatzes. In the first
section we tried the most general form of the traditional ansatz. We showed
that the condition, which in the previous chapter was leading to a static vector
potential, in this one, became a condition which connects the vector potential
with the additional degrees of freedom of the gravitational field. However, extra
terms in the equation of motion were still present. In the second section we did
the same with the alternative ansatz, the one introduced in chapter 2. This
section was split in two subsections. In the first one we considered the most
general ansatz. Although this ansatz did not lead to a valid model of grav-
itoelectromagnetism, we included it in our analysis because it could be used
in other aspects of gravitational problems. In the second we studied a special
case of the above ansatz, which turned out to be the best one in the context
of gravitoelectromagnetism because it gives both the correct form of the field
equations and the equations of motion.
In chapter 4 we covered a topic we initiated in a previous work of ours. In this
chapter we attempted to describe true electromagnetism using the formalism of
General Relativity. This attempt was based on the results of our work regarding
gravitoelectromagnetism. In the first section we presented a short introduction
of electromagnetism and we gave an alternative expression for the Lorentz force
law using geometrical quantities. In the second section we reviewed our previous
work. In the third section we presented some improvements to our previous work
based on the results of chapter 2.
Finally, in chapter 5 we covered the search for invariant quantities similar
to the electromagnetic ones, in the linear approach of gravitoelectromagnetism.
In the first section of the chapter we presented the theoretical framework and
we defined a gravitoelectromagnetic tensor similar to the electromagnetic field
tensor Fµν . In the following two sections of this chapter we presented some
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calculations of scalars constructed by the gravitoelectromagnetic tensor we have
defined. However, this work is still in progress and we only present some of our
results. We hope that this work would contribute to a better understanding of
gravitoelectromagnetism and, maybe, lead to a lagrangian formulation.
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